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y(t) = x(t) xh(t) = fmx(r)h(t —17)drt

Convolution Integral
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0, otherwise.

— 0,(?).A has unit amplitude
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(5399 T | ehbedmaw I ag)
2(t) = z (kM) (£ — kA). A 9(t) = 2 (kA hpp (£). A
k=—o0 k=—o0
A— 0 A— 0
x(t) = foox(r)(S(t —1)dt y(t) = Joox(r)hr(t) dt

y(t) = j X(T)he (8) dr

.Cuw) 8(t — T) (530)9 AN SUSEY em(_g hr(t)aj X8
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o) ho(t) = h(t)
6(t—1) h.(t) =h(t—1)
85() ho(t) = h(t)
0 (t — kA) hia(t) = h(t — kA)
£(t) = i x(kA)SA(t — kA). A P(t) = i x(kA)h(t — kA). A

k=—o0 k=—0o0
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x(t) = x(kA)S,(t — kD). A y(t) = x(kA)h(t — kD). A
k=z—oo ’ k=z—oo

A— 0 : A- 0 :

x(t) = foox(T)G(t —17)dT y(t) = _[oox(r)h(t —17)dT

y(t) = x(t) x h(t) = foox(r)h(t —1)dTt

.G S(t) (530)9 @ LTI eJusuw /e.\»l_g h(t)aﬁ X
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h(t) = AS(t) « y(t) = Ax(t) : abdls () LTT el L5 O
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V() = h(E) » x(8) = f R()x(t - 7) dt — f R(D)x(t — 7) do
- 0

9 530)9 JBSaw
JAIpAlIWY

¢ some notes about the limits
of the convolution integral in
the circuit analysis course

= fth(r)x(t —1)drt

= ftx('r)h(t —1)drt

39 (530)9 JUw
3Ac (IS

o t
y(t) = x(t) xh(t) = f_ x(Dh(t—1)dt = f x(t)h(t —1)dr

T sde LTI @l
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y(t) = h(t) = x(t) = fmh(rjx(t — 1) dT]

x(t) < x(t) , h(r) < h(t) : Tt (

x(—1) « x(7) :  Time-Reversal (v

Time-Shiftbyt:t—1-t | x(t —7) « x(—71) : Time-Shift (w
g.(t) =h(D)x(t — 1) : Multiply (1

y(t) = f ) g.(1)dt : Integrate (0

JaStted) oL'\et (50) (2wlis (sl )0 a5 Cuwl () (-a30) 1Y) ) Bg-s A AmumS-)ls) Cls siiles U
oawpY (1) @ G eunSy JHADI Quslis sg3a b gugw § el 86 o )3 ) 8¢ (T) (26 @) a5 euiS
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7+ To correctly understand convolution,
it is often easier to think graphically.

x(t) x(—7)

time-reversal
———

T —>-7

T T

ltime-shift byt:t—1-1t
x(t—1)

® Here, it is assumed thatt > 2
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Graphical Interpretation of the Convolution Integral

* Convolving two functions involves:
— flipping or reversing one function in time.
— sliding this reversed or flipped function over the other.

— integrating between the times when BOTH functions
overlap.

Note the following Examples

I

25 e~ Bt g by JUSS
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y(t) = h(t) = x(t) = jm h(t)x(t — 1) dT]
h(t) = e "u(t)

_ Example 1

x(t) =u(t) & .
h(t) = e tu(t)
0 T
x(—t) =u(-1)
1
0 T
x(t—1) (for t<0)
1
t 0 T
fort=0: g.(r)=h(t)x(t—1)=0 Vtr = y(t)=0

B

25 e~ Bt g by JUSS
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:Example 1 (™ =eTul)

0
x(t—T) for t=0
1

t>0:
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Example 1

x(t) =u(t) & h()=-eTu(t)

y(t)= (1 —e Hu(t)
y(t)

—

** What is this LTI system in EE ?

0
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Example 2

* Convolution of two gate pulses each of height 1

X,(t) X,(1)
1 1

0 1 t 0 2 t

y(@)=x()*x,(1) = T X, (T)x2 (t —Z')dT

25 e~ Bt g by JUSS
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Example 2 y(0) = x50 = | x ()5, (1-r)dr

“» Name change: t— 1

x(t) X,(T)
' 1
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o0

Example 2

** Time reversal: T —-T

X,(-T) X5(T)
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o0

yv@)=x,@)*x,(1) = I x, (z')x2 (t— z')dz'

—Oo0

=S Example 2

% Time shiftby t: T — T =t in x,(-7)

X,(-7)

X,(t-7)

Lecture-6
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o0

yv@)=x,@)*x,(1) = I x, (z')x2 (t— z')dz'

—Oo0

“ Example 2

¢ Slide x,(-T) over x,(T), Multiply, & Evaluate integral

g,(7) = X, (r)x2 (t — 2')

y(0) = | g (x)dr

oV 13 ) 8¢ (T) el 016 a5 S pwas obia T 50) Lawbis (sla 8)0 b : amw)s ivg) s egs 415 O
ey V() @6 oS JHa61 cuwlis 39ss b guw § eails) o)

20 irode— Bt gy LS
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o0

yv@)=x,@)*x,(1) = I x, (z')x2 (t— z')dz'

—Oo0

— Example 2

o fortr <0 :

Xz(t-’C) X,(T)

t-2 t<0 0 1 T

:gt(r)éxl(r)xz(t—r):O, A& @

y()=x*x,=0

= oot~ i g la LS
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Lecture-6

X(t-1) 1 X,(T)

1]

t-2 0Ot 1 T

y(t):xl*xzz_[;ldrzt @

(Area of overlap is increasing linearly)

25 e~ Bt g by JUSS
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o0

=S Example 2

eforl<r<?2:

y(t):xl*XZ:J‘Ol(lxl)dz'zr‘gzl @

(Area of overlap = constant = area of the smaller pulse)

20 irode— Bt gy LS
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y()=x(t)*x,(1) = I X, ('L‘)x2 (t— z')dz'

=S Example 2

o for 2<r<3:

X(t-17)
. X4(7) /
/
;%
0 t-2 1 t T

1

y(@)=x*x,= t_z(IXI)dT:TE—z =1-(1-2)=3-t¢

(Area declining linearly: width of shaded area = 1-(t-2)=3-t) @

25 e~ Bt g by JUSS
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y()=x(t)*x,(1) = I X, ('L‘)x2 (t— z')dz'

=S Example 2

o fort >3 :

X;(7) /Xz(t'T)

0 1 t-2 t T

Y1) =3, %3, = 0 @

(After time t=3 the convolution integral is zero)

25 e~ Bt g by JUSS
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() =5
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Example 3

* Convolve the following functions

X;(t)
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Example 3

(1) = x, () * x, (1)
1| .
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Using MATLAB

for the convolution of two gate pulses

tint=0; t2=2*tint:tstep:2*tfinal;
tfinal=10; y=conv(x,h)*tstep;
tstep=.01; subplot(3,1,3),plot(t2,y)
t=tint:tstep:tfinal; axis([0 10 0 40])

x=5*((t>=0)&(t<=4));
subplot(3,1,1), plot(t,x)
axis([0 10 0 10])
h=3*((t>=0)&(t<=2));
subplot(3,1,2),plot(t,h)
axis([0 10 0 5])

Lecture-6
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Using MATLAB

for the convolution of two gate pulses
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= 7 Useful Note:
0

y(t) = x,(2) * x,(¢)
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o Example 4

Suppose the impulse response of an LTI system 1s
h(t)=5e""u(t).

By graphical evaluation of the convolution integral,

compute & sketch the output of this system due to

an mput which is a 4 second pulse of height 3.
y(t) = x(t) * h(t) = fmx(r)h(t —1)dt

I

= 25 e~ Bt g by JUSS
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v(t) =x(t) xh(t) = foox(r)h(t —1)drt

— Example 4

h(t) =5e " u(t) x(1)

5

Lecture-6
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v(t) =x(t) xh(t) = foox(r)h(t —1)drt

— Example 4

Reverse h(T1):

h(-7)=5e""u(-r) ° :\ h(7) = Se_zfu(r)

~
-~
~
-~
~~_ _

Lecture-6
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Shift the reversed h(t) by t: |T > T —1 In h(—T)

OWS oBiils 28 casCisly

v(t) =x(t) xh(t) = foox(r)h(t —1)drt

h(-t)=5e"u(-r)| — " h(t—-1)= 5e” " u(t —1)

5//

3

_x(z)

Lecture-6




=S Example 4

5

3

v(t) =x(t) xh(t) = foox(r)h(t —1)drt

Performing the integral of the product for 0<t<4:

h(t—1)

/

h(t—7)=5e"""u(t—1)

output y(¢) = j; 3x 52 dr

Lecture-6
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v(t) =x(t) xh(t) = f_ x(t)h(t—1)d

— Example 4

So,for 0<t<4:

(1) = j;lSez(T_t)df = ISe_Ztrezfdr

0

— m

:158—21‘ leZT
2

— y(t) = 7.5(1 —e‘zt)

Lecture-6



v(t) =x(t) xh(t) = foox(r)h(t —1)drt

=S Example 4

Performing the integral of the product for t>4:

s h(t—71)

0 4 t 1

h(t—7)=5e"""u(t—1)

output y(¢) = I 04 3x 5" dr

25 e~ Bt g by JUSS
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v(t) =x(t) xh(t) = foox(r)h(t —1)drt

" Example 4
So, for t>4:

() = j 15627 d
:ISe_th e’'dr

0
- ~4

— 156—21‘ leZT
2

=7.5¢" (88 —1)
= 7.5(1—8_8)6_2“_4) |

Lecture-6 e E‘U o T Lmrh':‘."“""‘."“‘ 9 L"'b\_jLLi_’-“-"
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v(t) =x(t) xh(t) = foox(r)h(t —1)drt
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e Convolution is commutative.

e So, the actions of flipping and shifting can be
applied to EITHER function:

x(2)*h(t) = f:x(r)h(t —T)dT =

h(t)*x()=[ " h(r)x(t-7)dr
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y(t) = h(t) = x(t) = jm h(t)x(t — 1) dT]

Example 5

e Repeat example 4 by flipping and shifting x(t)
rather than h(t).

for 0 <t <4:

y(t) = jgse—zf x3dr

t

= ["15e>dr =[-7.5¢%
0

0

— 7.5(1—e—2")

Lecture-6
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y(t) = h(t) = x(t) = jm h(t)x(t — 1) dT]

" Example 5

fort > 4:

y(t) = ISe_ZTdT 15|:71€ T}

14

— y(1) =7.5(e_2(t_4) —e_Zt) 7. 5(1— - ) —2(=4)

=
O A - - ‘
* [ . =k b

Lecture-6
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y(t) = h(t) = x(t) = jm h(t)x(t — 1) dT]

y(t) =+

Lecture-6

r

0, t<0
Isﬁ—eﬂﬁ, 0<t<4

k7.5(1—6_8)6_2“_4), t>4

Same result as before!

25 e~ Bt g by JUSS
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7 Example 6

* Convolve the following two functions:
)
2

> t

0 2
 Replace t with 7 in f(t) and g(t)
* Choose to flip and slide g(7) since it is simpler and symmetric
e Functions overlap like this:

Lecture-6



7 Example 6

This convolution can be divided into 5 parts

* Two functions do not overlap R

* Area under the product of the
functions is zero.

Lecture-6
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=S Example 6

@ -2<t<0

Part of g overlaps
part of f

e Area under the
product of the
functions is:

2+t 72
jo (—r+2)d7r = 3(—7+2rj

Lecture-6



Here, g completely overlaps f;
area under the product is just:

2
'[23(—2'+2)d2' =3 (—T—+2rj
0 2

2<t<4 N

* Part of g and f overlap;

2t2 2
Calculated similarlyto-2<t<0

Lecture-6 E‘U o T Lmrh':‘."“""‘."“‘ 9 L"'b\_jLLi_’-“-"
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Example 6

e gandf do not overlap;
area under their product is zero.

Lecture-6
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=S Example 6

* Result of convolution (5 intervals of interest):

0, fort <-2
—%t2+6, for —2<t<0

y(t)=f(t)*g(t) =16, for 0<¢ <2
%t2—12t+24, for 2<¢<4
0, fort>4

\

y(t)s

Lecture-6
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7 Example 7

* Convolve the following two functions:

4 x(t)
1

* Replace t with 7 in x(t) and g(t)
* Choose to flip and slide x(7) since it is simpler and symmetric.

25 e~ Bt g by JUSS
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=1 +1 I+13

(ed
| oo l=t1=4
"
plrh
1] “1+8 3 1+t 7=
i
1 i -1 t=4 it — 1) 1 1< -1
#ix} k)
o —1+1 I +1 —1+t T+1 |0 ——
(g th)
L2
.

oot = gl BSCs
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Example 8

1, O<t <T
x ()= .
0, otherwise

t, O<t<2r
h(t) = .
0, otherwise

J
( 0, t<0
1,
—t°, O<t <T
2
y()=s+ Tt—%Tz, T <t <2T
1, 3.2
——t " +Tt+-=-T"°, 2T <t <3T
2 2
0 37 <t

Tl

25 e~ Bt g by JUSS
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7 Example 8

X(t)

1 T<t<2T

DS

0t =
t- 2T
h(t—1) h{t—)
2T oT
[\ t<0 I\ 2T < t< 3T
/ ; t 0 T O\ t T
t-21 t-2T
hit—
h(t—) =3
o1 2F
Ot I\ T
PR B T g S t 2
t-2T t— 2T

Lecture-6
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Example 7

x(7) h(t—)

t

0] t

@)

X(T)h{t—7)
t e = ran
E—=T
HEES
(b)
x(7) h(t—) l I
@ o7 F 0 T . AR 5 b t
{2 h 2T <t < 3T
o H T

t—2F



= Example 9
x(1) =e 'u(t)
h(t) = e u(t)
y(t)=(e" —e u(r)




CONIGLID

Convolution: its bark is worse than its bite!
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s |llustration of an undesired effect of convolution in
Digital Communication over Band-limited Channels

ISI

Inter-Symbol Interference

Lecture-6
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Inter-Symbol Interference

e Transmission over communication channel
(e.g. telephone line) is analog.

receive
X (1) 1 Yo(0)4 O bit
‘0’ bit _ !
Input output
) T, g | Communication g } Ty  TytT,
) \ t ' Channel ] <—\/ ‘
_A x(t) vty ar
receive
h(t) . 1) a (A L
X (2) 4 Model channe.l as " n(0) 1’ bit
LTI system with 1 AT,
A ‘ impulse response \
« - h(t) ) 7, t T, T,+T, t
T Assume that T, < T,
v 11’ bit

= oot~ i g la LS

Lecture-6
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Inter-Symbol Interference

* Transmitting two bits (pulses) back-to-back will
cause overlap (interference) at the receiver

x()t . h@)]
1

T, ‘ t T, t

‘1" bit ‘0" bit Assume that T, < T,

Inter-symbol

* How do we prevent inter-symbol | interference
interference (ISI) at the receiver?

=

25 e~ Bt g by JUSS
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Inter-Symbol Interference

* Prevent inter-symbol interference by waiting
T, seconds between pulses (called a guard
period).

x(1) 1 . h(t)l“ y(en

A
) D R — R
- ‘ \ t "o T o \/ t
-ATh

‘1’ bit ‘0’ bit Assume that T, < T, Y bit O bit

* Disadvantages?...

25 e~ Bt g by JUSS
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